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GENERATING FUNCTION AND ITS APPLICATION
FOR GENERALIZATION OF LEGENDRE POLYNOMIALS

IIpoBodumca 0600wyerue norurnomob Jlexanopa c nomouyvio npousboos-
wei pynxyuu. Haiiden abroii 6ud uckomoix pynxyui. Paccmompenst Hexo-
mopuie uacmuvle cayuau. Ocoboe Brumarue yoeaeHo cayuaro, koeoa napament-
poi, onpedeasiouje usyuaemvle PYHKYUY, ABAAOMCA PASAULHLIMU, CUMMEN-
PUHHbLMU OTHOCUTNEALHO HYASA OellcmBumensHbiMu HucAaMu. V3yueHst Hexo-
mopuie cBoticmba smux gyuxyutl. OcHoBbBaAC, HA Pe3YALIMAMAX YUCACHHDIX
aKcnepuMmenniol, Bui0Bunyma 2unomesa 0 KOpHAX UCCAOYeMbLX PYHKYULL.

In the present paper the generalization of Legendre polynomials with the
help of generating function is studied. The explicit form of considered func-
tions is found. Some special cases are considered. Particular attention is paid
to the case when the parameters defining the studied functions are different,
symmetric about zero real numbers. Some properties of constructed functions
are obtained. Based on the results of numerical experiment a hypothesis about
zeroes of these functions is stated.

KiroueBsie cs10Ba: mmoymHOMEI JleXxaHpa, Ipons3BoasIas (PyHKINS, OPTOTro-
HaJIbHBIE CYICTEMBIL.
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Introduction

Generating function is one of the classical ways for construction of or-
thogonal systems. Application of generating functions for construction of
orthogonal systems of algebraic polynomials is described in detail in the [1].
In the case of rational functions this problem is more complicated. In 1964
M. M. Dzhrbashyan and A. A. Kitbalyan applied generating function for
construction of systems of rational functions which generalized Chebyshev
polynomials of the first and the second type [2]. It should be mentioned that
in the work [3] the construction of system of rational functions which gener-

alized Jacobi polynomials with respect to the weight /(1-x)/(1+x) was

described.

In the present paper the generalization of Legendre polynomials with
the help of generating function is considered.

It's well known that the functions

1

J1-2xz + 2

F(x,z)= , xe(-1,1), F(x,0)=1,
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is a generating function for algebraic Legendre polynomials, i. e.

F(x,z):i%

n=0

', |z|<1.
In other words, the Legendre polynomials are the Taylor coefficients of
the function F(x,z),

P,(x)= ,jF(x,z)j—Z 0<p<1.

n+l 7

1. Main result

For the generalization of Legendre polynomials on rational case we con-
sider the following rational functions. Let the sequence {e,};, of complex

numbers be such that «, =0, |¢, |<1, k € N,. Using this numbers we define
the functions:

\/1_|an |2 1 z—C
0 (2)=1, 9,(2)= ——[]-—=/,neN,

l1-a,z ol-o.z

©

Lemma 1 [1]. The system {¢,(z)},,., is a orthogonal on the unit circle |z|=1.
Note, thatif |z|=1 then

Here and later the function ¢,(z) is defined by formula (1) also in the case
|z|=1.

The functions, which generalize the Legendre polynomials, we define as
follows

1 —dz
LW =5 [ K 20,02, @
iy z
where ' isacircle |z|=p, 0<p<1,suchthat |¢, |<p, k=1,2,..,n.
Remark. If ¢, =0, k=1,2,..,n, then ¢,(z) =, and L,(9)==— | F(x, 2=,
z m|l|=ﬂ

i. e. in this case L,(x) is a Legendre polynomials, orthogonal on the segment [-1,1]
with respect to the weight 1.
Theorem1. If o, #0, k=1,2,..,n, and a, # a;, k=j, k,j=1,2,.,n,

then the following formula holds

n-1

1\ _ 2 n-1 1_a_a
e T B e el | T

HO‘ k:10!k(ak—an)\/l—2xak+ak2 =1 %~

L% 7 ®)

-1 __
1 l-aa,

2 4 —a.
an\/1—2xan+an i1 & 4,
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Proof. Using formula (1) we obtain

j J1-la, |2ﬁ1-a_kzg
T 2z S 1-2xz+22 z-a, az-o, z

Then we apply the substitution

N1-2xz+2z* =1-2zt or z=%. 4)

In this case

dz=— 2tx+1dt N e 00 ‘Zt"”,

(t -1

gz £-1-2a(t-x) __a,(1-£)+2(t-x) 131

z—a, o (1-1)+2t-x)" " " -1

‘/1 |a I 21 l_i t2—1—22a_k(t—x) ”
t—x a,(1-t7)+2(t—x) 4q 0, (1-1")+2(t—x)
where Cis an image of ' when mapping t(z).
Under the conditions of the theorem the integrand
F(t):t2—1 1 i1 2] 2q, (t-x)
t—x a,(1-1*)+2(t—x) 13 a,(1-1*)+2(t —x)
has simple poles at the point ¢ =x and at the roots of the equations
o, (1-)+2(t-x), k=1,2,..,n,

Y e U\ (o

Therefore

4

i. e.

k1 'y
Q. Qy

It is not difficult to show that the points ¢, ,, k=1,2,...,n, are inside the
curve C, and the points t,,, k=1,2,...,n, are outside this curve. To prove it
one needs to find the corresponding points zZ,; = z(tk,j) , k=1,2,...,n,
j=1,2 using (4) and verify that z,,z,, =1, |z, |<1, k=1,2,..,n.

By the Cauchy’s residue theorem we get

L,(x)=+1-]a, (Res(F, x)+ Zn:Res(F, tk’l)j . (5)
k=1

It is easy to see that

Res(F,x) = C 1)%

Hak

Now we calculate residues at the points ¢, ,, k=1,2,..,n—-1. We have

(©)

£-1) 1| A f2a)| P1-dg(-)
t=x|,, a(l-F)+2At-x),, 53109.(1—t2)+1t—x)|ﬁk’1 ~a(t=to) |,

Res(F £,)=
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2_
Then we findlL 1 :i,
x|,
1 | 1 _
1-£2)+2(t- - P -
T N =
-x
t=tq
_ 1 _ a;
02 1-J1-2xa, + o . Z(ak—a,,)(l—akx—Jl—Zxak+ak2)l
"a, o
2 _ _ 2_
_ Dy _2a. _
t2—1—2aj(t—x)| _tx 2a, _ Pl
2 2 4
a;(1-t )+2(1f—x)|{:tk/1 a.l_t 42 _aj£+2 o —a;
/ t—x t=t 4 o
2_ —
s _ f 1—2ak (t—x)
t —1—2ak(t—x)| t-x 3
—oy(t—t, ,) L:m —oy(t =1, ,)

t=t 4

(1—akx—\/1—2xak +a,f)(1—|ak B

[1\/1295():k+0:k2 1+\/12xak+af] i \1-2xa, + o
—a, _

—\[1-4y1-2 2
[2 20‘k]{ xa, + oy —x]

27" 27"

@ 2
Since that,
1-| e, [ 1 11—,
Res(F,t,,) = k - L. (7)
o (o —a,) \/1—2xak oy -l o —a;
J*
And the residue at the point ¢, ,
-1 1 w1 21— 2a(t—x)
Res(F,t, )= | | e 12 | =
b-xl, —a(t=t,)|, T3 e-)+2t-x)| 1 ©

-1 __
1 i 1-aa,

- 2 1 —a.
2J1-2xa, +o? 71 @, -2,

To complete the proof one must put (6), (7) and (8) into (5). [
Corollary 1. By the formula (3) the function L,(x) can be written in the form

n C
L, (x)=) ————,
kZ:(; J1-2xa, +a}
where ¢,, k=1,2,...,n, are some complex numbers. Its singular points are as follows
1+

X, = , k=1,2,...,n.
Q.
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2. Some important cases

1) Obviously, L,(x)=1.
2) Let ¢, =0, o, =a, |a|<1. Then the second summand in the right
side of (3) vanishes, and the product in the third summand is equal to 1.

Since that,
1_ 2
L ()= V=1l (—1+ ! J
a N1-2xa +a?
Note that

1-V1-2xa+e? .. 2xa -

th( )=1lim =lim =X.

a—0 a—0 o aﬁoa(l_i_ [1_2xa+a2)

Besides, the function L, (x) has the only zero at the point

x=—.
2

3) Let the sequence {«,};_, be as follows: ¢, =0, ¢,,,,...,, , (distinct
points), «, =0. In this case

g, —— 15 1-a,z
Z)= _—, . Z)=—
,(2) Hl o 9,(2) o ey
and in a similar way
n-1 2
L (x)= 1 : -1- Zak(t x)
4771 (t—x)" 1o (1-t)+2(t—x)
or
1 n-1
L (x)= E(Res(l—",x) + ZRes(F, tm)] ,
k=1
where

2 n-1 42 _1_ - _
E(f) = t 12 -1 2205,((15 x) ,
(=x) 11 @ (1-F)+2(t—x)

t., is the root of the equation &, (1-#*)+2(t—x)=0 which lies inside the

curve C.
Now we find residues. The point t =x is a pole of the second order. Thus

ReS(F/X) = ((ﬁ - 1)1}:?1[ C:k (;izziikz(zt__x;)J =

DS le_i x’ £ -1-2a(t-7) | _
o (1-x° ) = ot ( ) a, (1-t7)+2(t—x) -
#j
1)" 12 n 1 1 1- a 1 ’1—12 -17—| . 2
:(”?—x ( | i)_(nfl) [x+z | ]| :
2 ]:1 Hak *) 2 N
k=1 k=1 k=1
ks
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The points ¢, ,, k=1,2,..,n—1, are the simple poles. We have

-1 tz—l—Za_k(t—x)ﬁ 2 —1-2a,(t-x)

Res(F,t, )=
S T A TN i a(1-F) 20 -)

t=ty 4

2 (1—(xkx—\/1—2xak +(xk2)(1—|ak |Z)ﬁ1_;jak

2 2 2 L _q.
1—akx—\/1—2xak+ak ak\/1—2xak+ak = a4 —a;

21-|a, ) Hl-a

afqll—Zxak +ak2 g a,—q;

Finally,

( 1n— -11 |a | n-1 1_|a |2 n-1 1—?0@
L= 5 D e | e )
Hak i1 Q; klak\/l—Zxak-l-O!k i AT

k=1

Now we consider the following sequence of parameters. Let £, 5,,.... 3,

be a sequence of distinct real positive numbers. Then the parameters {a, }:";'
are as follows: ¢, =0, a,, , =0, &, =-p., k=1,2,..,n, a,,., =0. In this
case by the formula (9) we get

2n

I-lo
L2n+1 + z :

ak klak\/]_ 2xa, + o i a4 —q;

2 1-a,0

14 These functions are odd,
L,,..(1)=1. Besides using nume-
5] rical experiment we can draw the
graph of some of these functions.
1 /o8 06 04 02 02 04,06 0§ i In the figures 1, 2, 3 we have the
graphs of L,(x), L;(x), L,(x) for

p.=05, B, =06, B,=07.

4.5

4
Fig. 1. The graph of L,(x) for g, =
1

0.5+
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Fig. 2. The graph of L,(x) for £, =0.6 Fig. 3. The graph of L,(x) for g, =0.7
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Concerning these results some questions can be raised:
(a) Does function L,,,,(x) has 2n +1 distinct real zeroes in the interval (-1, 1)?

(b) Numerical results show that the system {L,(x)} is not orthogonal. Is
there a sequence {,} such that corresponding system {L,(x)} is orthogonal?

Note, that if the answer to the first question is positive than we can use
these zeroes as nodes for construction of interpolation polynomial.
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